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A survey of some current research i n  functional-  
d i f f e r e n t i a l  equations 
Jack K.  Hale 
1. Introduction. Funct ional-different ia l  equations provide a mathematical 
model f o r  a physical  system i n  which the r a t e  of change of t he  system may depend 
upon i t s  pas t  h i s tory ;  t h a t  is, the future  s t a t e  of the  system depends not only 
on the  present but  a l so  a p a r t  of i t s  pas t  h i s tory .  
equation i s  a d i f fe ren t ia l -d i f fe rence  equation 
A spec ia l  case of such an 
k (t) = f ( t , x ( t ) , x ( t - r ) )  
where r i s  a nonnegative constant. For r = 0, t h i s  i s  an ordinary d i f f e r e n t i a l  
equation. A more general  equation, which w e  choose t o  c a l l  a funct ional-differ-  
e n t i a 1  equation, i s  one of t he  form 
(1) k ( t )  = f ( t , x t )  
where x i s  an n-vector and t h e  symbol xt i s  defined as follows. If x i s  a 
funct ion defined on [-r, m), then f o r  each f ixed  t i n  [0, m), xt i s  a function 
defined on the  i n t e r v a l  [ - r ,o ] ,  r f i n i t e ,  whose values a r e  given by 
xt ( 8 ) = x ( t  + 8 ), -r 5 8 I 0 .  I n  other words, t he  graph of xt i s  the  graph I 
nf  x ST: [t-r,t’l shif ted ts t h e  intcr-,ral [-r,O]. Ts obta ln  8 sol-iitioii of (1) 
I 
fo r  t 4 t  
then extends the funct ion t o  t z t o  by the r e l a t i o n  (1). 
one spec i f i e s  an i n i t i a l  function on t h e  i n t e r v a l  [to - r,to] and 
0’ 
Funct ional-different ia l  equations a r i s e  i n  various appl icat ions.  The 
importance of such equations has been amply emphasized by Volterra  [1,21 i n  the  
discussion of v i sco-e las t ic  mater ia ls  and t h e  in te rac t ion  of b io logica l  species.  
Such equations a l s o  occur i n  other aspects of biology, econometrics, nurtiber theory 
I and problems of feedback control .  It i s  a l so  hard t o  v isua l ize  8n adaptive cont ro l  
system which would not use i n  a s igni f icant  manner a p a r t  of i t s  pas t  h i s tory .  
i Y
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s It may even be possible to formulate such equations as functional-differential 
equations. 
Although "unctional-differential equations have been investigated 
for many years, they have received more intensive study in the past few years, 
probably due to the diverse applications of such equations and especially due 
to the present interest in control problems. A s  a consequence some books are 
now available on the subject (Mishkis [ 3 1, Pinney [ 41 , Krasovskii [ 51, 
Bellman and Cooke [6], Halanay [7] ).  
material on differential-difference equations and an excellent discussion of 
specific applications. Hahn [ 91 includes a section on stability by Lyapunov 
functions. 
The book of Minorsky [8] also contains 
In this short report, we attempt to indicate some of the areas of 
investigation that are presently being discussed in the literature. 
the discussion will be biased by the viewpoint of the author and is not in any 
way to be understood as a criticism of topics not included below. 
impossible to even mention a l l  areas of research. 
enough topics to stimulate the reader to consider the above books as well as 
some of the literature for details. 
Naturally, 
Also it is 
We only attempt to present 
Throughout the presentation we will emphasize a geometric approach 
fur tne discussion of equation ii). ynis approacn has certainly proved to be 
advantageous in ordinary differential equations. To the author's knowledge, it 
was Krasovskii who first pointed out that the natural concept of a state for a 
1) 
system described by (1) is not the value of x at time t but the restriction 
of x to the interval [t-r,t] ; or, equivalently, the function x defined 
above. This is natural since the state of a system at any particular time should 
be that part of the system which determines its behavior in the future. 
course, this implies that the orbits of trajectories of the system w i l l  take 





some complications but, on the  other hand, it indica tes  t he  d i r ec t ion  f o r  t he  
development of a qua l i t a t ive  o r  geometric theory f o r  func t iona l -d i f fe ren t ia l  
equations. 
To be more spec i f ic ,  l e t  C be the  space of continuous vector functions 
on t h e  in t e rva l  [ - r , O ]  and, f o r  anycp i n  
IIqll , be defined by 
C, l e t  t he  norm of CpI designated by 
1 1 ~ 1 1  = m u - ,  rea I CPWl 
where I X I  i s  say the  Euclidean norm of a vector  x. 
Suppose f(t,CP ) i s  defined f o r  t l  0, CP i n  C, llTll < H . If i s  a 
given r e a l  number and CP i s  a continuous function defined on [a-r,a] w i t h  
l lTdl < H, then we say 
0 at  u i f  x i s  defined and continuous on [U-r ,  a+A) f o r  some A > O ,  coincides 
w i t h 9  on [a-r, a] 
Throughout t he  remaining discussion, we assume existence and uniqueness of s o h -  
x = x(  0, CP ) i s  a solut ion of (1) with i n i t i a l  value 
, 11 xt 11 < H  and x s a t i s f i e s  (1) f o r  05 t <  0 + A. 
t i o n s  of (1) f o r  any a ,CP and the solut ion i s  defined on [a, ") 
(1) i s  continuous i n  t , T  and loca l ly  Lipschitzian i n  0 ,  then existence and 
If ( t ,  CP ) i n  
uniqueness i s  proved i n  a manner similar t o  ordinary d i f f e r e n t i a l  equations. 
Uniqueness theorems under conditions as general as the  ones f o r  ordinary equations 
do not  seem t o  be avai lable .  
If a ,  cp are as  above, then we def ine a t r a j ec to ry  of (1) through 
( 0  , P a  as the  s e t  of po in ts  i n  [a , - )  X C given by [t ,xt(  a , cp  ), t Z  a) . 
If (1) i s  autonomous; that  is ,  f ( t ,  cp ) i s  independent ofrp , then we may take 
a = 0 and designate t h e  so lu t ion  of (1) by x(cp) .  I n  t h e  autonomous case, t he  
o r b i t  of (1) through CP i s  the  s e t  of points  i n  C given by u x (CP ).  t r o  t 
2. Liapunov stabil i ty.  
def in ing  a t r a j e c t o r y  i n  the  space [a , - )  x C, it i s  almost obvious how t o  
With the  above in t e rp re t a t ion  of a solut ion of (1) as 
define Lyapunov s t a b i l i t y .  In  fac t ,  if f( t ,O) = 0, t h e  solut ion x = 0 of (1) 
I .  . 
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i s  ca l l ed  uniformly s t ab le  if the following conditions a re  s a t i s f i e d  f o r  
every U B 0: 
i) there  i s  a b = b (  0 ) > 0 such t h a t  Cp i n  C, ICpI < b 
implies the  solution x((I,cp ) of (1) e x i s t s  f o r  t 2 u 
and 11 xt (a,q) 11 H f o r  t 2 a; 
ii) f o r  every E > 0, there  i s  a 6 =  6 ( ( ~ )  > 0 such that 
Cp 
(1) s a t i s f i e s  11 x t ( u  ,cp )I1 < E  
i n  C, llCpll < 6 implies the  solut ion x (  (I , Cp ) of 
f o r  t z u . 
The solut ion x = 0 of (1) i s  ca l l ed  asymptotically s t ab le  i f  it 
i s  s t ab le  and i n  addition fo r  every u L 0, there  i s  an 
such tha t  ll($ll t j 00 . 
Ho = Ho( 0 ) > 0 
< Ho implies 11 xt( (I ,q ) 11 + 0 as  
This i s  the  same def in i t ion  of uniform s t a b i l i t y  as  f o r  ordinary 
d i f f e r e n t i a l  equations except f o r  the f a c t  t h a t  we assume proper t ies  i) and 
ii) f o r  every U Z 0. In  the  case of ordinary d i f f e r e n t i a l  equations t h i s  i s  
not necessary, but,  f o r  func t iona l -d i f fe ren t ia l  equations, a system can be 
uniformly s t ab le  a t  (I and not uniformly s t ab le  f o r  (I > (I . For examples 
of t h i s  property see Zverkin [lo]. 
We have a l w a y s  assumed our re ta rda t ion  r i s  f i n i t e .  If r i s  
infinite, then one can a l s o  discuss s t a b i l i t y  and obtain the r e s u l t s  below, 
but we cannot use the  uniform norm i n  C((--, 03). 
t h e  compact open topology (uniform convergence on compact subsets) ,  then our 
If C((-m, 01) i s  given 
space becomes a metr ic  space and everything i s  repeated with the  metric r a the r  
than norm. Driver [ll] has also discussed i n f i n i t e  re tardat ions,  but t h e  results 
seem t o  be weaker due t o  h i s  topology. 
Following Krasovskii [?I, we say a sca l a r  function V( t , cp  ) defined 
and continuous f o r  
e x i s t s  a continuous pos i t ive  def in i te  function w ( s ) ,  0 4  s < H, such tha t  
t L 0, cp i n  C, ICpI < H i s  pos i t i ve  d e f i n i t e  i f  there  
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V ( t ,  9 )  h w(llrpII) fo r  a l l  t 2 0, cp i n  C, llcpll < H. The function V ( t ,  c p )  
. 
has an i n f i n i t e l y  s m a l l  upper bound if the re  i s  a continuous function 
0 5 s < H, ~ ( 0 )  = 0, such t h a t  V ( t ,  rp) S w(llCpII) f o r  t 4 0, rp i n  C, 
llcpll < H. The der iva t ive  of  V along t h e  solut ions of (1) i s  denoted by ? 
and i s  defined by 
w ( s ) ,  ---
( 1) 
With these  def ini t ions,  one can prove t h e  usual theorems of Liapunov f o r  
s t a b i l i t y  and asymptotic s t a b i l i t y .  V ( t ,  c p )  
which i s  pos i t i ve  def in i te ,  has an i n f i n i t e l y  small upper bound and 
then t h e  solut ion x=O of (1) i s  uniformly s table .  If, i n  addition, 
pos i t i ve  def in i te ,  then x = 0 i s  asymptotically s table .  Furthermore, i f  t h e  




i s  
solut ion 
s t r u c t  a V ( t ,  c p )  with t h e  above propert ies  such t h a t  -+ i s  pos i t ive  d e f i n i t e  
x = 0 of (1) i s  assumed t o  be asymptotically stable,  then one can con- 
( t h e  converse theorem of asymptotic s t a b i l i t y ) .  
theorems i s  t o  deduce proper t ies  concerning the  implications of s t ab i l i t y ;  f o r  
The importance of t h e  converse 
example, s t a b i l i t y  with respect  t o  the  f irst  approximation, s t a b i l i t y  under con- 
s t a n t l y  ac t ing  disturbances, etc.  For d e t a i l s  of t h i s  type of invest igat ion,  see 
Krasovskii [ 31, Halanay [ 71. 
Given a pa r t i cu la r  equation, one would hope t o  construct a Liapunov funct ional  
from which suf f ic ien t  conditions for  s t a b i l i t y  could be deduced. Unfortunately, 
it s-eems t o  be almost impossible for spec i f i c  equations t o  f ind  Liapunov funct ionals  
which a r e  pos i t ive  d e f i n i t e  i n  t h e  sense described above. We give t h e  following 
simple example t o ' i l l u s t r a t e  t h e  propert ies  t h a t  a r e  more e a s i l y  s a t i s f i e d  i n  
appl ica t ions  . 
Consider t h e  equation 
(2) %(t) =-ax(t)  - bx( t  - r) 
where x i s  a scalar and a, b, r are constants, a > 0, r h 0. If 
then 
i s  pos i t i ve  d e f i n i t e  i n  t h e  above -b) and it i s  c l e a r  t h a t  ne i ther  V nor 
sense regard less  of t h e  values of a and b. 
and -?(*) (rp) L Mp2(0) i f  Ibl < a, which i s  c e r t a i n l y  a type of pos i t i ve  de f in i t e -  
ness. One can show t h a t  conditions of t h i s  type on V and -? a r e  su f f i c i en t  
On t h e  o ther  hand, V(rp) 2 cp2(0)/2a 
f o r  asymptotic s t a b i l i t y .  
t h e  reader  t o  Krasovskii [ 3 ]  and Driver 1111 f o r  t h e  theory and examples. 
We do not state t h e  r e s u l t  any more precisely,  but r e f e r  
Much 
more research i s  needed i n  t h e  a rea  of determining p r a c t i c a l  conditions on 
and which w i l l  ensure s t a b i l i t y .  
V 
Another poss ib le  attempt to  obtain su f f i c i en t  conditions f o r  t h e  s t a b i l i t y  of 
(2)  would be t o  ' take t h e  funct ion V 
and not  include any of  i t s  pas t  his tory.  
as only a funct ion of t h e  vector x ( t )  
I n  pa r t i cu la r ,  i f  
then 
which does not  even have f ixed sign. 
I x ( t  - r)I < 1 x ( t ) l  
It i s  rather remarkable t h a t  t hese  weak conditions on V and imply asymptotic 
s t a b i l i t y  of t h e  so lu t ion  x = 0 of (2). General results along t h i s  l i n e  were 
On the  other  hand if lbl < a ahd 
2 then +(,) < - 6x (t)  where 6 i s  a pos i t i ve  constant. 
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f i r s t  given by Razumikhin [12, 131. See, also,  Krasovskii [3] and Driver [ll]. 
In  t h e  pa r t i cu la r  case of equation (2)  one can ac tua l ly  obtain t h e  exact 
region of s t a b i l i t y  of t h e  zero solution as a function of a, b, r. The region 
lbl < a, 
of r. 
a > 0, i s  t h e  maximal region which y i e lds  s t a b i l i t y  f o r  a l l  values 
One would hope t o  be ab le  t o  obtain a more r e a l i s t i c  approximation of t h e  
s t a b i l i t y  region by using a more clever choice of t h e  function V. If t h e  func- 
t i o n  V i s  chosen as 
-r -r 
then it w a s  shown by Hale [143 t h a t  a and @ ( e )  can be chosen as funct ions of 
r i n  such a way t h a t  t h e  appl icat ion of t h e  previous type of s t a b i l i t y  theorem 
y ie lds  a region of s t a b i l i t y  which approaches the  region a + b > 0 as r + O .  
This i s  t h e  exact region of s t a b i l i t y  of (2)  f o r  r = 0. 
Much more research i s  needed i n  the  a rea  of determining su f f i c i en t  condi t ions 
f o r  s t a b i l i t y  by use of Liapunov functionals and a l so  many more examples need t o  
be constructed t o  show t h e  types of funct ionals  t h a t  occur i n  appl icat ions.  
For autonomous ordinary d i f f e r e n t i a l  equations, t h e  importance of re lax ing  
t h e  condi t ions on $ w a s  pointed out by LaSalle [E]. He gave many appl ica t ions  
i n  which it w a s  not too d i f f i c u l t  t o  construct  pos i t i ve  d e f i n i t e  Liapunov funct ions 
but  $ would be only S 0. The l imi t ing  behavior of t he  solut ions w a s  then shown 
t o  be  determined by t h e  l a rges t  invariant  s e t  contained i n  the  s e t  where V = 0. 
I n  pa r t i cu la r ,  i f  t h i s  s e t  contained only t h e  or igin,  then solut ions w i l l  approach 
t h e  o r i g i n  with increas ing  time. 
For autonomous func t iona l -d i f fe ren t ia l  equations, t he  concepts of & l i m i t  
s e t  and invar ian t  s e t  can be introduced. 
of t h e  theorem of LaSa lk  t o  functional equations which i s  a p r a c t i c a l  too l .  
One can then obtain a general izat ion 
The 
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reader can consult  Hale [14, 161 f o r  t he  d e t a i l s  of t h i s  theory as wel l  as 
appl icat ions.  One of the  appl icat ions i s  an i n t e r e s t i n g  problem i n  t h e  s t a b i l i t y  
of nuclear reac tors  considered i n  a beau t i fu l  paper of Levin and Nohel [17], who 
a l s o  were using Liapunov funct ionals  and e s sen t i a l ly  t h e  concept of  invar ian t  
s e t .  
species  considered by Volterra  [ 2 ]  who, by t h e  way, a l so  used a type of Liapunov 
functional.  
Another i n t e re s t ing  appl icat ion i s  a model of t h e  in t e rac t ion  of b io log ica l  
The paper [16] a l so  contains some r e s u l t s  on i n s t a b i l i t y .  
Many papers on func t iona l -d i f f e ren t i a l  equations and cont ro l  theory have 
appeared i n  recent  years i n  t h e  journa l  Applied Mathematics and Mechanics 
(P r ik l .  Mat. Mek.). 
o f  t h e  research, but  we th ink  t h e  paper of Krasovskii [18] deserves spec ia l  a t ten-  
t ion .  Krasovskii s tud ies  t h e  problem of  the  s t a b i l i z a t i o n  of a system by i n d i r e c t  
control;  
The reader may consult  t h i s  journa l  for t h e  general  f lavor  
t h a t  is, t he  cont ro l  parameters a r e  determined through a d i f f e r e n t i a l  
equation and, i n  par t icu lar ,  a func t iona l -d i f fe ren t ia l  equation. He then gives 
as an example t h e  problem of t r y i n g  t o  s t ab i l i ze ,  by means of a l i n e a r  cont ro l  
var iable ,  a pendulum at  i t s  unstable equilibrium pos i t ion  when only t h e  deviat ion 
from t h e  v e r t i c a l  can be measured. 
b i l i z e d  if t h e  cont ro l  var iab le  s a t i s f i e s  an appropriate l i n e a r  funct ional-differ-  
e n t i a 1  equation, but  it can never be s t ab i l i zed  by a cont ro l  var iab le  which satis- 
f i e s  a l i n e a r  autonomous ordinary d i f f e r e n t i a l  equation. 
3 .  
ordinary  d i f f e r e n t i a l  equations i s  t o  understand the  behavior o f  solut ions near 
i nva r i an t  sets.  
which it i s  poss ib le  t o  introduce a l o c a l  coordinate system. It would be des i r -  
ab le  t o  obtain t h e  same type of information f o r  func t iona l -d i f f e ren t i a l  equations. 
Some r e s u l t s  along t h i s  l i n e  have been obtained f o r  equilibrium point’s and cycles 
and these  a r e  b r i e f l y  described below. 
Krasovskii shows t h a t  t h e  system can be sta- 
Behavior near equilibrium points and cycles. One of t h e  bas i c  problems i n  
This theory i s  f a i r l y  complete near those inva r i an t  s e t s  f o r  
. _  
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Consider t h e  autonomous equation 
An equilibrium point  of (3) i s  a constant function which s a t i s f i e s  ( 3 ) ;  
a constant function b f o r  which f ( b )  = 0. Without loss  i n  generali ty,  we can 
assume b = 0 and if f has continuous Frezhet der iva t ives  of order two, then 
( 3 )  can be wr i t ten  i n  t h e  form 
t h a t  is, 
where T-I i s  a matrix whose elements a r e  functions of  bounded va r i a t ion  on [-r, 01 
and I F((P)I /II(Pll + 0 as IIVll + o *  
A bas ic  understanding of  t h e  solut ions of (4)  i n  a neighborhood of zero 
requi res  a de ta i l ed  inves t iga t ion  o f t h e  l i n e a r  system 
0 
- r  
(3  k ( t )  = J [ d ~ ( B ) ] x ( t  + e ) .  
xe 0 
-r 
de t [h I  - / [ d ~ ( Q ) ] e  ] = 0 ( 6 )  
and t h e  c h a r a c t e r i s t i c  values ( so lu t ions  of t h i s  equation) w i l l  p lay a fundamental 
ro l e .  
so lu t ions  of ( 5 )  of t h e  form p(t)eAt where p ( t )  i s  a polynomial i n  t. 
To any solut ion of ( 6 ) ,  there  a r e  a f i n i t e  number of l i n e a r l y  independent 
Solut ions of t h i s  type a r e  ca l l ed  c h a r a c t e r i s t i c  functions. 
case  t h a t  t h e  c h a r a c t e r i s t i c  functions serve as a b a s i s  f o r  t h e  so lu t ions  of ( 5 )  
It i s  ac tua l ly  t h e  
-10- 
i n  t h e  sense t h a t  any solut ion of ( 3 )  with i n i t i a l  value 'p at  0 can be 
expanded i n  a uniformly convergent i n f i n i t e  s e r i e s  of c h a r a c t e r i s t i c  funct ions on 
an i n t e r v a l  [a, TI ,  u > 0. For the inves t iga t ion  of ( 5 )  along t h i s  l ine ,  see 
Pinney [4 ]  and Bellman and Cooke [ 6 ] .  
To understand t h e  geometric propert ies  of t h e  solut ions of (4 )  near zero, 
it i s  advantageous t o  i n t e r p r e t  t h e  solut ions of  ( 5 )  as o r b i t s  i n  
approach, t h e  expansions of solut ions i n  terms of c h a r a c t e r i s t i c  exponents i s  
C. I n  t h i s  
not needed. If x = x(cp) denotes the solut ion of  ( 5 )  with i n i t i a l  value Q, 
at  0, then xt(cp) i s  a bounded l inea r  operator, t ak ing  C i n t o  C f o r  each 
f ixed  t h 0. If we designate t h i s  operator by T ( t ) ,  t h a t  i s  T ( t ) ' p  = xt(cp), 
then T ( t  + T )  = T ( t ) T ( T )  f o r  a l l  t, 'c 2 0; t h a t  is, T ( t )  i s  a semigroup 
of operators.  Furthermore, T ( t )  i s  compact fo r  t S r. One can now borrow 
r e s u l t s  from t h e  theory of funct ional  ana lys i s  t o  analyze t h e  behavior of  t h e  
o r b i t s  of ( 3 )  i n  C, an o r b i t  through cp being defined as before as UtrO T ( t ) ' p .  
To any so lu t ion  X of ( 6 ) ,  t h e r e  corresponds a f i n i t e  dimensional subspace of 
C with b a s i s  0 = (cp,, ..., cp,) which i s  invar ian t  under the  operator T ( t )  
f o r  each t 2 0 and 
where B i s  a square matrix of dimension p whose only eigenvalue i s  X; t h a t  
is, on t h i s  subspace t h e  so lu t ions  of ( 5 )  in te rpre ted  i n  C behave e s s e n t i a l l y  
as an ordinary d i f f e r e n t i a l  equation. 
l i e s  on t h e  ixaginary ax i s  and 
If it i s  assumed t h a t  no solut ion of (6) 
X1, . . ., Xk are ,  t he  solut ions of (6) w i t h  posi- 
t i v e  r ea l  par t s ,  then the re  e x i s t  two subspaces P, Q of  C, which are both 
inva r i an t  under T ( t ) ,  t Z 0, such t h a t  every cp i n  C can be uniquely decom- 
posed as Q, = cpp + cp 'pp i n  P, 'p i n  Q and Q' Q 
- 11- 
(7) 
where K, a a r e  pos i t i ve  constants.  The subspace P i s  f i n i t e  dimensional 
and Q i s  i n f i n i t e  dimensional. Once t h e  est imate  (7) i s  obtained, it i s  n a t u r a l  
t o  c a l l  t h e  equilibrium point  a saddle point  and t h e  o r b i t s  of ( 3 )  a r e  e s s e n t i a l l y  
as i n  t h e  accompanying diagram where the  arrows 
P 
designate  t h e  d i r ec t ion  of t h e  motion with increasing time. One can a l s o  give 
an e x p l i c i t  procedure f o r  computing t h e  subspaces P, Q from system ( 3 )  and a 
system adjo in t  t o  system ( 5 ) .  The e x p l i c i t  form of  t h e  subspaces P, Q i s  i m -  
por tan t  i n  the  appl icat ions,  especial ly  i n  t h e  theory of  per turbat ions discussed 
i n  t h e  next section. Shimanov [19] has a l so  used t h i s  method t o  discuss  s t a b i l i t y  
of a nonlineas: system when t h e  l i n e a r  p a r t  has  some c h a r a c t e r i s t i c  values with 
zero r e a l  pa r t s .  For d e t a i l s  of t h i s  theory see Shimanov [lg, 201 and Hale [21]. 
Once t h i s  geometric p i c tu re  o f  t h e  o r b i t s  of ( 5 )  i s  obtained, it i s  n a t u r a l  
t o  a sk  t h e  following question: i s  t h e  saddle point  property of system ( 5 )  pre- 
served f o r  system,(4)?  More spec i f ica l ly ,  do the re  exist s e t s  P, Q* which 
are homeomorphic near zero t o  P, Q respec t ive ly  such t h a t  t h e  solut4ons of 
(4)  w i t h  i n i t i a l  value on remain on P* for a l l  t i n  ( -  m, 01 m d  approach 
-12- 
zero as t +-ma and the  so lu t ions  of (4) w i t h  i n i t i a l  values on Q* remain on 
Q* f o r  t i n  [0, ma) and approach zero as t +ua ? The af f i rmat ive  answer 
t o  t h i s  question as wel l  as more de t a i l ed  information i s  given by Hale and 
Pere l l6  [ 221. 
Now suppose t h a t  system (3) has a nonconstant per iodic  so lu t ion  x o ( t )  of 
period 2rr. I n  the  space C, t h i s  per iodic  so lu t ion  generates a closed curve 
r. If t h e  concept of asymptotically o r b i t a l  s t a b i l i t y  with asymptotic phase 
i s  defined as i n  ordinary equations, then t h e  following question can be posed: 
what conditions on f i n  (3) w i l l  ensure t h a t  t h e  curve r' i s  asymptotically 
o r b i t a l l y  s t ab le  with asymptotic phase ? 
To answer t h i s  question, we proceed as i n  ordinary d i f f e r e n t i a l  equations 
t o  discuss  t h e  l i n e a r  v a r i a t i o n a l  equation of t h e  per iodic  so lu t ion  
w i l l  be  a l i n e a r  func t iona l -d i f f e ren t i a l  of equation of t h e  form 
x o ( t ) .  This 
?( t i  = Io[dq(t ,  e ) l x ( t  + e )  
-r 
( 8 )  
where T ( t ,  0)  i s  a matrix which i s  per iodic  i n  t of period a. Hahn [ 2 3 ] ,  
Stokes [24], Halanay [7] and Shimanov [25]  have discussed i n  d e t a i l  systems of 
t h e  form (8). I n  par t icu lar ,  i f  x(cp) i s  the  so lu t ion  of (8) with i n i t i a l  value 
Cp at  0, then x ( c p )  again defines a continuous, l i n e a r  mapping of C i n t o  
C f o r  each f ixed t B 21. If tiie o p e r z t o r  U ( t > ,  t 2 0 , is defio~rl  on C by 
t 
U ( t ) c p  = xt(cp), then t h e  cha rac t e r i s t i c  mul t ip l i e r s  of (8) can be defined as the  
elements of t h e  point  spectrum of  the operator U(2rr) ( t h e  monodromy operator) .  
With t h i s  de f in i t i on  of t he  mult ipl iers ,  one can then d iscuss  i n  what sense t h e  
Floquet theory i s  appl icable  t o  (8). 
of (8) f o r  l a rge  values of 
It i s  t r u e  t h a t  t h e  behavior of solut ions 
i s  determined by t h e  c h a r a c t e r i s t i c  mul t ip l ie rs .  t 
On t h e  o ther  hand the re  may be  only a f i n i t e  number of c h a r a c t e r i s t i c  mul t ip l i e r s  
and t h e  expansion of so lu t ions  i n  terms of c h a r a c t e r i s t i c  funct ions i s  impossible. 
Hahn [ 2 3 ]  has given some conditions on t h e  measure v ( t ,  0 )  f o r  which such an 
expansion theorem i s  t rue .  See the above works of  Hahn, Stokes, Halanay and 




Using the  above theory fo r  systems of t h e  type (a), Stokes 1261 has proved 
t h e  following i n t e r e s t i n g  r e s u l t  f o r  system (3): 
t i o n  associated with a nonconstant per iodic  solut ion of (3) has a l l  c h a r a c t e r i s t i c  
mul t ip l i e r s  with modulus l e s s  than one except f o r  t h e  obvious mul t ip l i e r  which 
i s  equal t o  one, then the  curve F i n  C generated by t h i s  per iodic  solut ion 
i s  asymptotically o r b i t a l l y  s t a b l e  with asymptotic phase. 
If t h e  l i n e a r  v a r i a t i o n a l  equa- 
This r e s u l t  i s  a d i r e c t  general izat ion of  t h e  known property of ordinary 
d i f f e r e n t i a l  equations and can ac tua l ly  b e  used t o  determine s t a b i l i t y  of per iodic  
solut ions which a r i s e  i n  t h e  per turbat ion theory of l i nea r  systems described i n  
t h e  next section. 
The proof employed by Stokes i s  a n o n t r i v i a l  general izat ion of t he  one given 
i n  Coddington and Levinson [27] f o r  ordinary d i f f e r e n t i a l  equations, and, therefore ,  
a l o c a l  coordinate system i n  t h e  neighborhood of F i s  not necessary. I n  order 
t o  go fu r the r  i n  t h i s  d i r ec t ion  of  a q u a l i t a t i v e  theory, it seems t o  be e s s e n t i a l  
t o  have l o c a l  coordinate systems near t h e  simple invar ian t  s e t s  i n  C. If t h e  
form of t h e  new equations could be obtained, many important r e s u l t s  of ordinary 
d i f f e r e n t i a l  equations could be extended t o  func t iona l -d i f fe ren t ia l  equations. 
A simple case of t he  possible  new equations w a s  considered by Hale [28]. 
4, ml- - _.___ LUWL-Y of ose l l lz t ions .  Ccr?sic?er t h e  homngeneni~s l i nea r  equation 




where 7 i s  a function which i s  su f f i c i en t ly  smooth so t h a t  I [dq(t ,  Q)]rp(e) 




(10) qt) = J [dq ( t ,  e ) l x ( t  + e )  + f(t)  
where f i s  a continuous function on (--, m). Halanay [ 7 ]  has proved t h a t  a 
necessary and su f f i c i en t  condition t h a t  a l l  solut ions of (10) be  bounded on 
for every function f ( t )  bounded on [0, -) i s  t h a t  the  zero solut ion of t h e  
[0, 00) 
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homogeneous equation be uniformly asymptotically s t ab le  ( t h e  Perron problem). 
Furthermore, uniform asymptotic s t a b i l i t y  o f  t h e  zero solut ion of (9) implies 
exponential  asymptotic s t a b i l i t y .  With a more de t a i l ed  ana lys i s  one can show 
t h a t  t h i s  type of s t a b i l i t y  and 7, f almost per iodic  implies t h e r e  i s  a unique 
almost per iodic  solut ion of (10). These r e s u l t s  can then be used along with 
successive approximations t o  obtain t h e  existence of  almost per iodic  so lu t ions  
o f  nonlinear equations of t h e  type 
where E i s  a 
l i n e  have been 
Yoshi zawa [ 291 
0 
-r 
k ( t )  = 1 [dq( t ,  e ) ] x ( t  + e) + c f ( t ,  xt) 
small parameter ( s e e  Halanay [ 73). 
obtained f o r  s m a l l  per turbat ions of nonlinear equations by 
by using t h e  converse of t h e  s t a b i l i t y  theorems of Lyapunov. 
General r e s u l t s  along t h i s  
Re- 
ference [29] also contains  other  references on t h i s  same subject.  
If t h e  funct ion 7 i n  equation (9) does not depend upon t, then one can 
show e a s i l y  from t h e  general  theory of l i n e a r  autonomous systems mentioned i n  
sec t ion  3 t h a t  a necessary and su f f i c i en t  condition t h a t  t h e  nonhomogeneous sys- 
t e m  have a bounded solut ion i n  ( -  "0, w) f o r  every forcing function f bounded 
i n  +, ;.> 
I n  t h i s  case, t h e  bounded so lu t ion  i s  also unique. What happens when 7 does 
depend upon t? 
la +L-+ Q i i a u  GO C I I U A U ~ V - * - ~ ~ - - .  n h a r a n + a r i c t ; e  v s l i i p q  .----L of (9) l i e  on t h e  imaginary axis. 
This problem seems t o  be unanswered at the  present  time. 
More i n t e r e s t i n g  questions i n  t h e  theory of nonlinear o s c i l l a t i o n s  i s  t h e  case 
i n  which t h e  homogeneous equation h a s  solut ions which do not tend t o  zero as 
e i t h e r  t + C O  or  -00; for example, a per iodic  solution. For s impl ic i ty  we 
r e s t r i c t  our a t t en t ion  t o  t h e  case i n  which 7 does not  depend upon t and f 
i s  per iodic  of period 2rr; t h a t  is ,  t h e  equation 
1 .  
, 
-15- 
One can then prove t h e  following: a necessary and s u f f i c i e n t  condition t h a t  (11) 
h a s  a per iodic  so lu t ion  of period 2rr i s  t h a t  
2rr 
0 
I y ( t )  f ( t ) d t  = 0 
f o r  a l l  per iodic  so lu t ions  y ( t )  of period 2rr of t h e  "adjoint" equation 
I n  pa r t i cu la r ,  if t h e  homogeneous par t  of equation (11) has no per iodic  so lu t ions  
of  per iod a, then (12) has no periodic so lu t ions  of period 2rr and, thus, 
(11) has a unique per iodic  solut ion of period 2rr ( see  Halanay [ T I ) .  
A s  i s  wel l  known i n  ordinary d i f f e r e n t i a l  equations, t h i s  i s  a bas i c  re- 
s u l t  f o r  discussing per iodic  solut ions of perturbed l i n e a r  systems ( see Coddington 
and Levinson [ 2 7 ] ,  Cesari  [ 3 0 ] ,  Hale [31]). 
t h i s  r e s u l t  t o  d i scuss  func t iona l -d i f fe ren t ia l  equations of t h e  form 
It i s  a l so  t r u e  t h a t  one can use 
where E i s  a small parameter and f ( t ,  Cp) i s  per iodic  i n  t of period 2rr. 
Some r e s u l t s  i n  t h i s  d i r ec t ion  may be found i n  Halanay [ 7 ] .  A more complete dis-  
cussion extending t h e  method of Cesari and Hale w i l l  appear i n  t h e  for thcaning 
Ph.D'. t h e s i s  of Perel ld  from Brown University. Pere l lb  explo i t s  t h e  general  
t heo ry  of l i n e a r  systems mentioned i n  sect ion 3 t o  der ive  t h e  b i fu rca t ion  o r  de- 
termining equations f o r  t he  periodic so lu t ions  of period 2rr of (13) and, thereby, 
reduces t h e  problem t o  t h e  solut ion of a f i n i t e  number of t ranscendental  equations. 
Research i s  a l so  being devoted t o  t h e  extension of t h e  per turbat ion methods 
of  so lv ing  (13) when f ( t ,  Cp) is more general  than a per iodic  funct ion of t. 
I n  pa r t i cu la r ,  t h e  method of averaging of Krylov-Bogoliubov-Mitropolski-Diliberto 
I ( see  [ 3 2 ,  331) has been extended t o  func t iona l -d i f f e ren t i a l  equations. For t h e  
case when r, t h e  r e t a rda t ion  parameter, i s  ET, t h i s  w a s  done by Halanay [ T I ,  
and t h e  case f o r  a r b i t r a r y  r by Hale [34]. T h i s  theory i s  too complicated t o  
descr ibe here, but  we mention one simple consequence of  t h e  theory. Consider 
t h e  system 
I -  
( 14) j L ( t )  = E f ( t ,  Xt )  
where f(t, (p) i s  almost per iodic  i n  t uniformly with respect  t o  (p on every 
compact subset of ll(p11 < H. If 
and t h e r e  i s  an equilibrium solut ion of t h e  ordinary d i f f e r e n t i a l  equation 
such t h a t  t he  c h a r a c t e r i s t i c  exponents of t he  l i n e a r  va r i a t iona l  equation have 
negat ive r e a l  parts! then, f o r  E su f f i c i en t ly  small, system (14) has an asymp- 
t o t i c a l l y  s t ab le  almost per iodic  solution which reduces t o  po f o r  E = 0. Other 
i n t e r e s t i n g  examples a r e  discussed i n  [ 341. 
I n  t h e  theory of autonomous ordinary d i f f e r e n t i a l  equations which do not 
conta in  small parameters, one of the bas i c  methods for  determining existence 
o f  l i m i t  cycles i s  t o  determine a subset of  t h e  Euclidean space which i s  homeo- 
morphic t o  a c e l l  such t h a t  any solut ion of t h e  equation with i n i t i a l  value on 
t h e  subset  r e tu rns  t o  the  subset at a fu tu re  t i m e .  
f i x e d  poin t  theorem t o  a s s e r t  t h e  existence of a l i m i t  cycle. 
papers, Jones [35, 361 has shown tha t  t h e  appl icat ion of similar arguments (but, 
o f  course, i n  t h e  function space C) l ead  t o  exis tence of nonconstant per iodic  
One can then use t h e  Brouwer 
I n  a s e r i e s  of 
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so lu t ions  of t h e  equations 
. 
k ( t )  = -a x ( t  - 1)(1 + x ( t ) ) ,  
k ( t )  = -a x ( t  - 1)(1 - x (t)), 
I2 >7?-/2, 
a >Tr/2, 2 
as wel l  as much more general  equations. The per iodic  solut ions of t h e  second 
equation above a r e  r e l a t e d  t o  t h e  e l l i p t i c  functions. If many more examples of  
t h i s  type were available,  then it seems f eas ib l e  t h a t  one could begin t o  formu- 
l a t e  energy pr inc ip les  f o r  functional-  d i  ff er ent  i a l  equations. 
Much of  t h e  theory of ordinary d i f f e r e n t i a l  equations i s  devoted t o  boun- 
dary value problems. 
i n  i t s  infancy and t h i s  i s  probably due t o  t h e  f a c t  that/enough appl icat ions have 
This theory f o r  func t iona l -d i f f e ren t i a l  equations i s  s t i l l  
not 
been discovered t o  d i c t a t e  t h e  proper manner i n  which t o  formulate t h e  problems. 
Some r e s u l t s  have been obtained fo r  a few spec ia l  problems and t h e  reader i s  re-  
f e r r e d  t o  Norkin [37]  where addi t iona l  references may a l s o  be obtained. 
3. Other problems. I n  t h e  previous discussion, many areas  of inves t iga t ion  
have not been mentioned. I n  t h i s  section, we r e f e r  t o  two other  important areas.  
F i r s t  of al l ,  t he re  i s  t h e  in t e re s t ing  c l a s s  of func t iona l -d i f f e ren t i a l  equations 
ki ic , ,~  as equs t ions  nf n e l ~ t r a ~ l  t s e ;  t h a t  is, those equations i n  which the  deriva- 
t i v e  of x i n  (1) a l s o  appears on t h e  r i g h t  hand s ide  of  (1). The system 
k ( t )  = a x ( t )  + bk( t  - 1) 
i s  of  neu t r a l  type. 
Certain types of problems i n  t he  theory of transmission l i n e s  can be reduced 
The general  theory t o  t h e  study of  equations of  neut ra l  type ( see  Miranker [ 3 8 ] ) .  
of t h e s e  equations i s  contained i n  Bellman and Cooke [ 6 ]  and, i n  some respects,  
' - c  
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i s  formally very similar t o  t h e  systems discussed i n  t h e  previous pages. 
other  hand, t h e  problems a r e  much more complicated and not t oo  wel l  understood. 
For example, i f  a l l  t h e  roo t s  of the  c h a r a c t e r i s t i c  equation of a l i n e a r  autono- 
mous system of neu t r a l  type a r e  i n  the l e f t  h a l f  of t h e  complex plane, it i s  
not always t r u e  t h a t  a l l  so lu t ions  approach zero as t +=. The reason for  t h e  
d i f f i c u l t y  i s  t h a t  t h e  cha rac t e r i s t i c  roo t s  i n  such a s i tua t ion  a r e  not necessar i ly  
bounded away from t h e  imaginary axis. Even i f  t h e  so lu t ions  do approach zero, 
t h e  rate o f  decrease depends very strongly upon t h e  smoothness of t h e  i n i t i a l  
data.  
na t ing  sub j ec t  . 
On the  
The papers of Hahn [39] and Snow [ 401 a r e  good introduct ions t o  t h i s  fasc i -  
Another i n t e r e s t i n g  a rea  of invest igat ion f o r  func t iona l -d i f f e ren t i a l  equa- 
t i o n s  i s  s ingular  perturbations;  t h a t  is, systems of equations i n  which a small 
parameter i s  multiplying some of  the highest  der ivat ives .  Cooke [41] ( see  t h i s  
paper f o r  addi t iona l  references) has given a de ta i l ed  presentat ion of t h i s  question 
f o r  l i n e a r  nth order scalar equations. It tu rns  out t h a t  t he  introduct ion of 
r e t a rda t ions  i n  s ingular  per turbat ions leads  t o  considerable d i f f i cu l ty ,  but 
Cooke has managed t o  obtain c r i t e r i a  f o r  regular  degeneracy of t h e  solut ions 
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